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Numerical Simulation of a Supersonic Base-Bleed Projectile
with Improved Turbulence Modeling

Petri Kaurinkoski¤ and Antti Hellsten†

Helsinki University of Technology, FIN-02015 HUT, Finland

Navier–Stokes simulations employing a k–² turbulence model for the � ow past a supersonic projectile with base
bleed are discussed. A new method of avoiding turbulence-related problems near stagnation points is presented.
The theoretical background of the modi� cation is brie� y described.

Nomenclature
c f = local skin-friction coef� cient, ¿w=.½1V 2

1=2/
cp; cv = speci� c heat at constant pressure and at constant

density, J/(kg K)
D = shell diameter, m; Jacobian matrix of the source term

Q, (@Q=@U )
dw = thickness of the � rst cell on the surface, m
E = total internal energy per unit volume, J/m3

e = speci� c internal energy, J/kg
F; G; H = � ux vectors in the x , y, and z directions
H = total enthalpy per unit mass, J/kg
I = nondimensionalbase-bleed rate
i; j; k = unit vectors in Cartesian coordinate system
k = kinetic energy of turbulence,u 00

ii u
00
ii =2, (m/s)2

M = Mach number
Pm = mass � ow rate through the inlet hole, kg/s
n = cell face unit normal vector
P = production of turbulent kinetic energy, J/m3s
Pr = Prandtl number
p = static pressure, Pa
Re = Reynolds number, ½1V1 D=¹1
S; Sb = cell face area and area of the shell base, m2

T = temperature, K
Tu = turbulence level,

p
.2k=3V 2/

U = vector of the conservativevariables
V = cell volume, m3; velocity ui C vj C wk, m/s
yn = normal distance from the surface, m
yC = nondimensionalnormal distance from the surface,

yn
p

.½w¿w /=¹w

® = angle of attack
° = ratio of speci� c heats cp=cv

± = boundary-layerthickness,m
² = dissipation of kinetic energy of turbulence, (m/s)2/s
¹ = dynamic viscosity, kg m/s
½ = density, kg/m3

¾ = Schmidt number
¿ = normal or shear stress, N/m2

Á = mass fraction of a species; general scalar variable

Introduction

N OWADAYS trajectory simulations for artillery projectiles can
be carried out quickly on any powerful personal computer or

workstation. The reliability of these simulations depends on the
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accuracy of the atmosphericmodel and the accuracy of the aerody-
namicmodelof theprojectile.The trajectorysimulationsthemselves
are not too dif� cult and are performed routinely.

During the past few decades, computational techniques for the
simulation of different types of jets for controlling the � ight of
projectiles1¡3 have been developed. With projectiles, the practical
aim is to extendthe � ring range, i.e., to reducethebasedragbybleed-
ing gas from the base of the shell. As a part of the design process,
numerical simulations are widely used for analyzing the different
design options. There are, however, many unanswered questions
regarding the reliability of the numerical simulations: Turbulence
modeling always incorporatessome uncertainty,and the thermody-
namic as well as chemical properties of the bled gas are probable
sources of errors. To become a valuable design tool, computational
� uid dynamics (CFD) has to show reliability and robustness. Oth-
erwise, only limited types of cases can be simulated, and the whole
potential of CFD is not utilized.

We present results of Navier–Stokes simulations for a supersonic
projectile with base bleed. The freestream Mach number is � xed to
1.2, and the angle of attack is 5 deg. The same projectile was stud-
ied at zero angle of attack by Kaurinkoski4 in varying � ow con-
ditions. In this work, a slight modi� cation to the widely used low
Reynolds number k–² model of Chien5 is proposed to avoid un-
physical anomalies near the stagnation point.

The Navier–Stokes solver used for the simulations is FINFLO.
The code has been developed at the Helsinki University of Tech-
nology in the Laboratory of Aerodynamics. It is based on the � nite
volume method and is capableof handling three-dimensionalmulti-
block grids. The solution method is implicit pseudotime integration
with a multigrid acceleration of convergence. In the simulations,
Roe’s � ux-differencesplitting is applied for the inviscid � uxes, and
centraldifferencesare used for the friction terms. The FINFLO code
is described in more detail in Ref. 6. In this work, the effects of tur-
bulenceare taken into accountusing Chien’s low-Reynolds-number
k–² model with a slight modi� cation.

The two-equationturbulencemodels employingBoussinesq’s ap-
proximation are known to overpredict the production of turbulent
kinetic energy near stagnationpoints.This may lead to dramatically
overestimated turbulence levels near the stagnation point, which in
turn may spoil the whole solution farther downstream. To avoid
problems related to this excessive production, Menter7 suggested
an upper limit based on experimental results.A modi� cation to that
limit is suggested in this paper. The current modi� cation is an ex-
tension to the upper limit for the production of turbulent kinetic
energy. The idea is to utilize a stronger limit outside shear layers
and the original limit inside shear layers. The local level of vorticity
is employed for determining whether we reside in a shear layer or
not.

In comparison with results obtained employing the standard ver-
sion of Chien’s k–² model, the current results are superior in quality
near the stagnationregion. The base area, however, remains an area
of uncertainty. The proposed limit for turbulence production in-
creases the robustness of the solver inasmuch as development of
turbulence is slightly damped.
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Numerical Method
Governing Equations in Differential Form

The Reynolds-averagedNavier–Stokes equations, the equations
for the kinetic energy k and dissipation ² of turbulence, and the
scalar transport equationcan be written in the followingdifferential
form:
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@ t
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@.F ¡ Fv/

@x
C
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@y
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@.H ¡ Hv/
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D Q (1)

where U D .½; ½u; ½v; ½w; E; ½k; ½²; ½Á/T . The inviscid� uxes in
the x , y, and z directions are denoted by F, G, and H, respectively.
For example, F is given by
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where ½Á is the density of the bled gas. The total internal energy E
is de� ned as

E D ½e C ½
u2 C v2 C w2

2
C ½k (3)

In a similar manner, the viscous� uxes in the x , y, and z directions
are Fv , Gv , and Hv , respectively.For example, Fv is given by
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where the viscous stress tensor is

¿i j D ¹
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For the Reynolds stresses, we use Boussinesq’s approximation
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where ¹T is a turbulent viscosity coef� cient. In the momentum
and energy equations, the kinetic energy contributionhas been con-
nected with pressure and appears in the convective � uxes. The vis-
cous terms contain a laminar and a turbulentpart. Similarly, the heat
� ux is written as

q D ¡[¹.cp=Pr/ C ¹T .cp=PrT /]rT C qD (7)

where qD is the energy � ux due to diffusion of mass.8 The pressure
is calculated from an equation of state p D p.½; e/, which, for a
calorically perfect gas, is written

p D .° ¡ 1/ E ¡ ½
u2 C v2 C w2

2
¡ ½k D .° ¡ 1/½e (8)

The diffusioncoef� cients of the turbulencequantitiesand the scalar
quantity are approximated as

¹k D ¹ C .¹T =¾k/; ¹² D ¹ C .¹T =¾² /
(9)

¹Á D ¹ ¾ÁL C ¹T ¾ÁT

where ¾k , ¾² , and ¾Á are the appropriateSchmidt numbersand ¹T is
the turbulent viscosity of the � uid determined with any turbulence
model.The sourceterm Q hasnonzerocomponentsfor theequations
for turbulence and possibly for the scalar equation.

Turbulence Modeling
The solution is extended to the wall instead of using a wall-

function approach.Near the wall, the low-Reynolds-numbermodel
proposed by Chien5 is adopted. The source terms for k and ² in
Chien’s model are given as

Q D
P ¡ ½² ¡ 2¹ k y2

n

c1.²=k/P ¡ c2.½²2=k/ ¡ 2¹ ² y2
n e¡yC=2

(10)

where yC is de� ned by

yC D yn
½u¿

¹
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p
½¿w
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(11)

The production of turbulent kinetic energy is modeled using
Eq. (6) as
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In the k–² model, the turbulent viscosity is calculated from

¹T D c¹.½k2=²/ (13)

The equations for k and ² contain empirical coef� cients. These are
given by

c1 D 1:44; ¾k D 1:0

c2 D 1:92 1 ¡ 0:22e¡Re2
T

36
; ¾² D 1:3 (14)

c¹ D 0:09 1 ¡ e¡0:0115yC

where the turbulence Reynolds number is de� ned as

ReT D ½k2=¹² (15)

Chien proposed slightly different forms for c1 and c2. Because the
computationsperformed for the � at-plate boundary layer9 appeared
to be insensitive to the modi� cations, formulas (14) were based on
the most commonly used coef� cients c1 D 1:44 and c2 D 1:92.

Treatment of the Production of Turbulence
A common problem with turbulence models employing Boussi-

nesq’s approximation is the inability to accurately account for
streamline curvature effects. Therefore, production of turbulent
kinetic energy is easily overpredicted with Eq. (12) in regions of
curved � ow.

To avoid unphysical growth of the turbulent viscosity ¹T , e.g.,
near stagnationpoints, Menter7 suggesteda limit for the production
of turbulent kinetic energy P as

P D min.P; 20 ½²/ (16)

According to the tests conducted,7 the maximum of the ratio P=½²
inside shear layers is about two and, therefore, this limit should not
affect the well-behavingregionsof the � ow� eld. Only the problems
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encounterednear the stagnationpoint should disappear. In addition,
this limiter has some effect on the solution of shock waves.

We have previously employed Eq. (16) successfully, but in the
present simulation this limit was not strong enough.The turbulence
production was overpredicted in front of the stagnation point, and
as a consequence the whole solution near the stagnation point was
spoiled.Quite evidently,unphysicalturbulenceproductionwas also
predicted for the inviscid � ow� eld outside the boundary layer on
the nose.

To differentiatebetween shear-layerregions and inviscid regions,
we monitor the level of vorticity. A crude estimate for the level
of vorticity encountered inside shear layers is based on laminar
boundary-layer� ow solution.The boundary-layerthicknessis given
by

± D 5:3 L refp
Re1

(17)

and an estimate for the level of vorticity inside the boundary layer is

Äref ¼ CÄ

V1

±
D CÄ

V1
p

Re1

5:3 L ref

(18)

where Re1 D ½1V1 L ref=¹1 and CÄ is a model parameter set to
0:03 in the present simulations. Outside shear layers, the limit for
production would be 2½² , whereas inside shear layers, the original
value of 20½² is utilized. For a smooth transition between the two
regions a hyperbolic tangent function is employed as

Pmax D 2 C 18 tanh
jr £ V j

Äref

n!

½² (19)

Here the exponent n! D 4 is also a selected model parameter. Later
we will refer to Eq. (19) as the vorticity-based production limit
(VBPL).

The selected model parameters were tested with a basic � at-plate
� ow, with a few two-dimensionalsimulationswith airfoils,and with
the present projectile simulations.The other solutions remained un-
changed, whereas the projectile simulation was favorably changed.
For different types of � ows, the model parameters may need some
� ne tuning.

This limit may have an effect on the location of the transition
point, but in the performed two-dimensional tests, no change was
observed. It is, therefore, our belief that the � nal steady-state solu-
tion, in cases where turbulenceproductiondoes not causeproblems,
is not changed, but the iteration time history is altered.

Finite Volume Form and Discretization of the Inviscid Fluxes
A � nite volume technique is applied. The � ow equations have an

integral form

d
dt V

U dV C
S

F.U/ ¢ dS D
V

Q dV (20)

for an arbitrary � xed region V with a boundary S. Performing the
integrations for a computationalcell i yields

Vi
dUi

dt
D

faces

¡ S OF C Vi Q i (21)

where S is the area of the cell face and the sum is taken over the
faces of the computational cell. The inviscid parts of the � uxes are
evaluated with Roe’s method.10 The � ux is calculated as

OF D T ¡1F.T U/ (22)

where T is a rotation matrix, which transforms the dependent vari-
ables to a local coordinate system normal to the cell surface. In this
way, only the Cartesian form F of the � ux is needed.

Calculation of the Viscous Fluxes and the Source Term
The viscous � uxes are evaluated using a central difference ap-

proximation, which is applied in all of the curvilinear coordinate

directions. For the derivatives in the production term of turbulent
kinetic energy (12), however, the thin-layer model is not applied.
Instead, the derivatives are calculated exactly.

The possiblewall correctionsof the turbulentviscosity,as well as
those of the source terms, are calculated separately in the i , j , and
k directions. As a result, the source term may contain several wall
correction terms, and the wall damping of turbulent viscosity is a
product of the different wall-damping terms in different coordinate
directions if several walls are present.

Boundary Conditions
At the freestreamboundary,the values of the dependentvariables

are kept as constants.However, in regions where the freestreamve-
locity is directed out from the computationaldomain, the boundary
values are extrapolated. In the � ow� eld, k and ² are limited from
below to their freestream values. In the calculation of the inviscid
� uxes at the solid boundary, the � ux-differencesplitting is not used.
Because the convective speed is equal to zero on the solid surfaces,
the only contribution to the inviscid surface � uxes arises from the
pressure terms in the momentum equations. A second-order extra-
polation is applied for the evaluation of the wall pressure as

pw D 3
2

p1 ¡ 1
2

p2 (23)

where the subscript w refers to conditions on the wall and 1 and
2 refer to the center of the � rst and second cell from the surface,
respectively.A similar formula is used for the diffusion coef� cients
on the wall.

The viscous � uxes on the solid surfaces are obtained by setting
u D v D w D 0 on the wall. The central expression of the viscous
terms is replaced by a second-order, one-sided formula,

@Á

@yn
D

¡8Áw C 9Á1 ¡ Á2

3dw

(24)

The boundary condition for the energy equation can be deter-
mined in two ways: Either the wall temperature is set to a prede-
� ned temperature or the wall is assumed to be adiabatic. The latter
method is employed. The viscous � uxes of k and ², as well as Ái ,
are also set to zero at the wall. In this way there is no need to specify
the surface values of the turbulence quantities.

Speci� cation of the Inlet Boundary Conditions
The base-bleedboundary is an inlet-type boundary condition be-

cause there is � ow into the computational domain. However, the
boundary condition has to be carefully set, based on the given con-
straints and the local � ow� eld conditions.

We specify the mass � ow rate Pm, total enthalpy H , and static
pressure of the inlet. In addition, the turbulence level Tu and the
turbulentviscosity¹T are speci� ed for the k–² model. The turbulent
viscosity is needed only for the speci� cation of the dissipation of
turbulent kinetic energy ½² at the inlet. In the present case, the
local velocity is used as the reference velocity for turbulence level.
Naturally, the mass fractions of the species are also speci� ed.

For a subsonic inlet, the static pressure p is extrapolatedfrom the
� ow� eld, whereas in a supersonic inlet, all of the conditions should
be set from the inlet side. In practice, the inlet pressure is limited
from below with a sonic pressure based on the given Pm and H . For
more details, see Ref. 11.

Solution Algorithm
The discretized equations are integrated in pseudotime ap-

plying the diagonally dominant alternating direction implicit
factorization.12 This is based on the approximate factorization and
on the splitting of the Jacobians of the � ux terms. The resulting
implicit stage consists of a backward and forward sweep in every
coordinate direction, as described in Ref. 9. The sweeps are based
on a � rst-orderupwind differencing.In addition, the linearizationof
the source term is factored out of the spatial sweeps. The boundary
conditions are treated explicitly, and a spatially varying time step is
utilized.

To simplify the linearization of the source term Q, the wall-
re� ection terms involving wall distances are not linearized. Also,
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for stability reasons, only negative source terms are linearized in
the Jacobian matrix D. To account for the positive source terms
QC, the following trick is applied:

@QC

@U
D ¡

Q

j1Umax j
(25)

In this way, the maximum change of U caused by Q is limited to
j1Umax j. The actual limitmay beevaluatedin manyways. Currently,
the contributions of P are included in a very approximate fashion:
The maximum change of ½k is limited with min.j0:1E ¡ ½kj; ½k/.
For the production term in the ² equation, the maximum change of
½² is set to .½²=½k/1.½k/max. A further simpli� cation is to utilize
the trick suggested by Vandromme13:

¡½² D ¡c¹

.½k/2

¹T

(26)

Another simpli� cation is to ignore the off-diagonal terms in D,
and the � nal form of D becomes

@Q

@U
D

¡
jP j

j1.½k/max j
¡ 2

½²

½k
0

0 ¡c1
.½²=½k/jP j
j1.½²/max j

¡ 2c2
½²

½k
(27)

To accelerate convergence,a multigrid method is employed. The
multigrid cycling employs a V cycle and is based on the method by
Jameson and Yoon.14 The details of the implementation are found
in Ref. 15.

Modeling of the High-Temperature Effects and the Mixture Properties
The thermodynamic properties of a mixture of gases can be de-

termined by analyzing the thermodynamics of the components of
the mixture. Each component in turn is a thermally perfect gas, and
the dif� culty of the whole problem is divided into smaller ones. We
have chosen to employ existing algebraic interpolation equations
for the speci� c heats of all of the components in the mixture, and
consequentlythe mixture model has the same functional form. With
the model for speci� c heats, the equation of state is closed, and the
remainingproblemis to solve for T with a given e and ½. The details
are shown in Ref. 4.

The transport properties of a mixture are determined employing
Sutherland’s formula for viscosity for each species, and the mixture
properties are obtained with Wilke’s rule.16 The same procedure is
applied for thermal conductivity.

Computational Grids
All of the presented results are for a 155-mm-diam supersonic

dome-based long-range projectile. A four-block axially symmetric
grid with 144 £ 64 £ 12 cells in the axial, near-normal, and cir-
cumferential directions, respectively,in each block is employed for
modeling the geometry of the projectile. The block division was
necessary only for parallelizationpurposes.

In total thereare 48cells in the radialdirectionon thebase surface.
The inlet hole was modeled with an 8 £ 12 patch in each block on
the base surface. The yC value in the center of the � rst cell above
the surface was kept below 1. The grid around the projectile is seen
in Fig. 1. The diameter of the base-bleed hole is 0:0476 m.

Fig. 1 Grid around the dome-based artillery shell.

Computed Test Case
One � ow case is studied where M1 D 1:2, Re1 D 1:4 £ 106 , and

® D 5 deg. The mass � ow rate is Pm D 0:018 kg/s, which is usually
expressed with the nondimensionalquantity I D 0:009 de� ned by

I D
Pm

½1 V1 Sb

(28)

The total temperatureof thebled gaswas set to 2370K. The speci� ed
turbulence level Tu and the ratio of turbulent and laminar viscosity
¹T =¹ at the jet inlet were constants, 5% and 50, respectively.The
freestream air is treated as a calorically perfect gas, and the com-
position and the model parameters for the bled gas are the same as
those employed in Ref. 4.

Computational Results
A standard procedure in our simulations is to calculate an initial

estimate for the simulations on a coarser grid employing the multi-
grid routines. Therefore, simulations are usually initiated from the
third grid level with the number of cells reduced to 1

64 of the � nest
grid. Results from level 3 are used as an initial condition for level 2,
and likewise the solution on level 2 is an initial state for level 1. In
this way, the number of iteration cycles required on the � nest grid
level is reduced by 20–50%, and sometimes a fatal initial transient
can be avoidedby the coarse-gridinitialization.We should also note
that, for stability reasons and to maintain comparability, the multi-
grid scheme was not employed to accelerate convergence in any of
these computations.

The iteration histories showed some interestingproperties.With-
out VBPL, the problems at the nose of the body were present on
all grid levels. The convergenceproperties showed no clear indica-
tions of the problems encountered near the stagnation point, but a
closer look at the solution revealed some anomalies from both the
turbulence-related quantities and the basic � ow variables. A very
strangeslice of increaseddensity and reducedtemperatureappeared
on the surface of the nose, and the ½k as well as ¹T distributions
also had strange peaks in the same area.

If the � ne-grid simulations were started from an initial estimate
obtained by employing VBPL, the solution remained free of these
problems, and a steady solution was reached in 8000 cycles. There-
fore, it seems the problem is actually only a matter of transient
abnormal behavior of the � ow solution. To investigate this, compu-
tation without VBPL on the second grid level was continued from
the essentially converged steady solution. After another 3000 iter-
ation cycles, the anomalies had vanished almost completely. With
VBPL, however, the problems never appeared at all.

Another test was to completely omit the coarse-grid simulations
and start the simulations on the � nest grid level with initially free-
stream � ow. Regardless of the treatment of turbulence production,
however, the iteration would fail because of numerical problems
behind the base.

It is not completely certain whether production of turbulence is
the true origin of these problems, but at least one solution is to
employ Eq. (19), i.e., VBPL. Some properties of the solution in-
dicate that the problems were partially related to the properties of
the grid.

To isolate the effects of VBPL, we computed the case with and
without VBPL starting from the same coarse-grid initial estimate
generatedwithout VBPL. Figure 2a shows the distributionof P and
½² as a functionof the distance to the wall along a grid line pointing
upstream in the symmetry plane (block D 4, i D 5, k D 13) after
100 iteration cycles on the � nest grid level. Note that the indices
given here refer to grid corner points and not cell center points.
Without VBPL, the solution has a strong second peak for P at
y ¼ 4:1 mm, which is � ltered out with the modi� ed limiter. The
½² distribution in Fig. 2a shows slight changes by the VBPL. The
main thing here is that without VBPL there is a huge imbalance
between P and ½² and thus locally much more ½k is generated than
dissipated.For steadystate, this would requirean equaland opposite
imbalance for the � uxes (convection and diffusion). There is no
reason for such an imbalance of � uxes on the freestream side of the
stagnation point.
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a) P

b) ½k

Fig. 2 Distributions in the symmetry plane upstream of the stagnation
point after 100 iteration cycles, where y is distance to the wall.

Fig. 3 Skin-friction coef� cient cf distributions after 2000 iteration
cycles.

Figure 2b shows what has happened to ½k after 100 iteration
cycles. Clearly, the distribution with VBPL is smoother and in that
senseseemsmore reasonable.After all, there shouldnot be toomuch
upstream in� uence from the stagnation region.

The uncertainty about using VBPL is in what happens to the
basic � ow solution. To demonstrate that the basic features are not
changed at all, Fig. 3 shows the c f distributionon the upper surface
of the shell in the symmetry plane after 2000 iteration cycles. The
curves correspondingto VBPL and no VBPL are indistinguishable,
which con� rms that no dramatic changes in the basic solution have
arisen.

Continuingthe simulationsto 2000cycles smoothedout the worst
peaks in P and ½k, but it is interesting to see in Fig. 4a how ½² is
not affected at all, whereas the ½k level (Fig. 4b) without VBPL
is approximately 15% higher than with VBPL. Nonetheless, the P
distributions are now quantitativelysimilar.

a) P

b) ½k

Fig. 4 Distributions in the symmetry plane upstream of the stagnation
point after 2000 iteration cycles, where y is distance to the wall.

Conclusions
We havenumericallysolved the supersonic� ow past a base-bleed

projectile.We havedevelopeda hybridupperlimit for theproduction
of turbulent kinetic energy to avoid problems related to stagnation
point regions.

The results show that production of turbulent kinetic energy is
changed, and consequently, the level of ½k is lower than without
the VBPL. The � nal solution is not changed too much, but transient
peaks in ½k and P distributions are avoided.

If used with care, the VBPL can solve some of the problems in
estimating P with the Boussinesq’s approximations. However, in
areas where excessive production of turbulence is not a problem,
the solution remains unchanged.
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